Biplane projection imaging is one of the primary methods for imaging and visualizing the cardiovascular system in medicine. A key problem in such a technique is to determine the imaging geometry (i.e., the relative rotation and translation) of two projections so that the 3-D structure can be accurately reconstructed. Based on interesting observations and efficient geometric techniques, we present in this paper new algorithmic solutions for this problem. Comparing with existing optimization-based approaches, our techniques yield better accuracy and have bounded execution time, thus is more suitable for on-line applications. Our techniques can easily detect outliers to further improve the accuracy.
Introduction
Cardiovascular diseases (such as vessel blockage and narrowing) have been a major cause of death in the United States for a long time. Effective treatment and diagnosis procedures for this type of diseases heavily rely on accurate 3-D images of the interested vessel structure. Tomographic techniques, such as magnetic resonance imaging (MRI) and computed tomography (CT), although generate 3-D data sets for visualization and analysis (e.g., rendering), cannot yet provide the time resolution necessary for interventions and for dynamic evaluations of rapidly moving structures such as heart. Thus, projection imaging generated by image intensifier-TV (II-TV) systems is still the dominant form of imaging in this area, mainly due to its rapid image acquisition and relatively larger field of view.
In projection imaging, 3-D structures are reconstructed from one or more 2-D projections.
A key problem in such reconstructions is to determine the relative translation and rotation, called imaging geometry, of the coordinate system associated with one projection with respect to those associated with other projections. Since the size of vessels in a vascular system is very small, inaccurate imaging geometry may cause the reconstructed 3-D vessels located in totally different positions.
As a promising approach, bi-plane imaging (in which each 3-D image is reconstructed from two projections) has received considerable attention in recent years and a number of techniques have been developed for its imaging geometry determination and 3-D reconstruction (Chen and Metz, 1997; Esthappan et al., 1998; Hoffmann et al., 1995 Hoffmann et al., , 2000 Metz and Fencil, 1989; Wahle et al., 1995) . A common approach for determining image geometry in these techniques is to first identify a set of corresponding pairs of points in the two projections, then convert the problem to a certain non-linear optimization problem, and find a feasible solution by using greedy algorithms or general optimization packages. Due to their heuristic nature, these approaches guarantee neither the quality of solutions nor the time efficiency, and thus may not be suitable for online applications.
We notice that in computer vision, a similar problem, called Epipolar Geometry Determination, has been studied extensively (Luong and Faugeras, 1996; Quan, 1995; Torr et al., 1995; Zhang et al., 1996) . The Epipolar Geometry Determination problem tries to determine the epipolar geometry which relates two images of a single scene. It plays a vital role in many applications such as scene modeling and vehicle navigation. Articles (Zhang; Aggarwal and Nandhakumar, 1988; Huang and Netravali, 1994) provide excellent surveys on the existing techniques for this problem. Quite a few interesting approaches were proposed. Almost all of them are based on iterative numerical computation which in general can not guarantee the converging speed for online cardiovascular applications. Furthermore, the Epipolar Geometry Determination problem (EGD for short) is slightly more general than our problem. In the EGD problem, the relative orientation of the two images could be arbitrary and unknown in advance. But in our problem, rough estimation of the imaging geometry of the two projections are known. Consequently, all the algorithms for the EGD problem do not fully exploit the special geometric structures of cardiovascular images.
To provide better solutions, we reduce the imaging geometry determination problem to the following geometric search problem: Given two sets of 2-D points A = {a 1 , a 2 , . . . , a n } and B = {b 1 , b 2 , . . . , b n } on two image screens (or planes) respectively with each pair of points a i and b i (called corresponding pair) being the approximations of the projections of an unknown 3-D point p i , also given the 3-D coordinate system of A, find the most likely position of the origin of o B and the orientation of the 3-D coordinate system of B in the coordinate system of A. It is easy to see that in an ideal situation where a i and b i are exact projections of p i , it is sufficient to consider only a constant number of corresponding pairs. In practice, however, it is often difficult to find the exact corresponding pairs as the correspondence is established manually. Thus, a number of corresponding pairs are often considered so that the accuracy can be ensured.
In this paper, we present an efficient geometric approach for solving the above problem. Our approach first reduces the imaging geometry determination problem to an optimal cell search problem in an arrangement of surfaces in E 6 . Based on interesting observations, we then simplify the rather complicated surfaces, which can not be analytically expressed, so
